Motivic integration on smooth rigid varieties and invariants of
  degenerations by Loeser, F. & Sebag, J.
ar
X
iv
:m
at
h/
01
07
13
4v
2 
 [m
ath
.A
G]
  1
0 A
ug
 20
01
MOTIVIC INTEGRATION ON SMOOTH RIGID
VARIETIES AND INVARIANTS OF DEGENERATIONS
by
François Loeser & Julien Sebag
1. Introdution
In the last years, motivi integration has shown to be a quite powerful tool in
produing new invariants in birational geometry of algebrai varieties over a eld
k, say of harateristi zero, f. [17℄[2℄[3℄[10℄[11℄[12℄. Let us explain the basi
idea behind suh results. If h : Y → X is a proper birational morphism between
k-algebrai varieties, the indued morphism L(Y ) → L(X) between ar spaes (f.
[10℄) is an isomorphism outside subsets of innite odimension. By a fundamental
hange of variable formula, motivi integrals on L(X) may be omputed on L(Y )
when Y is smooth.
In the present paper we develop similar ideas in the somewhat dual situation of
degenerating families over omplete disrete valuation rings with perfet residue
eld, for whih rigid geometry appears to be a natural framework. More preisely,
let R be a omplete disrete valuation ring with fration eld K and perfet residue
eld k. We onstrut a theory of motivi integration for smooth(1) rigid K-spaes,
always assumed to be quasi-ompat and separated. Let X be a smooth rigid K-
spae of dimension d. Our onstrution assigns to a gauge form ω on X , i.e. a
nowhere vanishing dierential form of degree d on X , an integral
∫
X
ωdµ˜ with value
in the ring K0(Vark)loc. Here K0(Vark)loc is the loalization with respet to the
lass of the ane line of the Grothendiek group of algebrai varieties over k. In
onrete terms, two varieties over k dene the same lass in K0(Vark)loc if they
beome isomorphi after utting them into loally losed piees and stabilization by
produt with a power of the ane line. More generally, if ω is a dierential form of
degree d on X , we dene an integral
∫
X
ωdµ with value in the ring ̂K0(Vark), whih
is the ompletion of K0(Vark)loc with respet to the ltration by virtual dimension
(see  3.4). The onstrution is done by viewing X as the generi bre of some
(1)
The extension to singular rigid spaes when K is of harateristi zero will be onsidered in a
separate publiation.
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formal R-sheme X . To suh a formal R-sheme, by mean of the Greenberg funtor
X 7→ Gr(X ) one assoiates a ertain k-sheme Gr(X ), whih, when R = k[[t]],
and X is the formal ompletion of X0 ⊗ k[[t]], for X0 an algebrai variety over k,
is nothing else that the ar spae L(X0) onsidered before. We may then use the
general theory of motivi integration on shemes Gr(X ) whih is developed in [24℄.
Of ourse, for the onstrution to work one needs to hek that it is independent of
the hosen model. This is done by using two main ingredients: the theory of weak
Néron models developed in [5℄ and [9℄, and the analogue for shemes of the form
Gr(X ) of the hange of variable formula whih is proven in [24℄. In fat the theory
of weak Néron models really pervades the whole paper and some parts of the book
[5℄ were rying out for their use in motivi integration
(2)
.
As an appliation of our theory, we are able to assign in a anonial way to any
smooth quasi-ompat and separated rigid K-spae X an element λ(X) in the quo-
tient ring K0(Vark)loc/(L− 1)K0(Vark)loc, where L stands for the lass of the ane
line. When X admits a formal R-model with good redution, λ(X) is just the lass
of the bre of that model. More generally, if U is a weak Néron model of X , λ(X)
is equal to the lass of the speial bre of U in K0(Vark)loc/(L− 1)K0(Vark)loc. In
partiular it follows that this lass is independent of the hoie of the weak Néron
model U .
This result an be viewed as a rigid analogue of a result of Serre onerning ompat
smooth loally analyti varieties over a loal eld. To suh a variety X˜ , Serre
assoiates in [25℄, using lassial p-adi integration, an invariant s(X˜) in the ring
Z/(q − 1)Z, where q denotes the ardinality of the nite eld k. Counting rational
points in k yields a anonial morphism K0(Vark)loc/(L− 1)K0(Vark)loc → Z/(q −
1)Z, and we show that the image by this morphism of our motivi invariant λ(X) of
a smooth rigid K-spae X is equal to the Serre invariant of the underlying loally
analyti variety.
Unless making additional assumptions on X , one annot hope to lift our invariant
λ(X) to a lass in the Grothendiek ringK0(Vark)loc, whih would be a substitute for
the lass of the speial bre of the Néron model, when suh a Néron model happens
to exist. In the partiular situation where X is the analytiation of a Calabi-Yau
variety over K, i.e. a smooth projetive algebrai variety over K of pure dimension
d with ΩdX trivial, this an be ahieved: one an attah to X a anonial element
of K0(Vark)loc, whih, if X admits a proper and smooth R-model X , is equal to
the lass of the speial bre X0 in K0(Vark)loc. In partiular, if X admits two suh
models X and X ′, the lass of the speial bres X0 and X ′0 in K0(Vark)loc are equal,
whih may be seen as an analogue of Batyrev's result on birational Calabi-Yau
varieties [1℄.
The paper is organized as follows. Setion 2 is devoted to preliminaries on formal
shemes, the Greenberg funtor and weak Néron models. In the following setion,
we review the results on motivi integration on formal shemes obtained by the
seond named author in [24℄ whih are needed in the present work. We are then
(2)
f. the remark at the bottom of p.105 in [5℄.
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able in setion 4 to onstrut a motivi integration on smooth rigid varieties and to
prove the main results whih were mentionned in the present introdution. Finally,
in setion 5, guided by the analogy with ar spaes, we formulate an analogue of
the Nash problem, whih is about the relation between essential (i.e. appearing
in every resolution) omponents of resolutions of a singular variety and irreduible
omponents of spaes of trunated ars on the variety, for formal R-shemes with
smooth generi bre. In this ontext, analogy suggests there might be some relation
between essential omponents of weak Néron models of a given formal R-sheme X
with smooth generi bre and irreduible omponents of the trunation πn(Gr(X ))
of its Greenberg spae for n≫ 0. As a very rst step in that diretion we ompute
the dimension of the ontribution of a given irreduible omponent to the trunation.
2. Preliminaries on formal shemes and Greenberg funtor
2.1. Formal shemes.  In this paper R will denote a omplete disrete valua-
tion ring with residue eld k and fration eld K. We shall assume k is perfet. We
shall x one for all an uniformizing parameter ̟ and we shall set Rn := R/(̟)
n+1
,
for n ≥ 0. In the whole paper, by a formal R-sheme, we shall always mean a
quasi-ompat, separated, loally topologially of nite type formal R-sheme, in
the sense of  10 of [13℄. A formal R-sheme is a loally ringed spae (X ,OX )
in topologial R-algebras. It is equivalent to the data, for every n ≥ 0, of the
Rn-sheme Xn = (X ,OX ⊗R Rn). The k-sheme X0 is alled the speial bre of
X . As a topologial spae X is isomorphi to X0 and OX = lim←−OXn . We have
Xn = Xn+1 ⊗Rn+1 Rn and X is anonially isomorphi to the indutive limit of the
shemes Xn in the ategory of formal shemes. Loally X is isomorphi to an ane
formal R-sheme of the form SpfA with A an R-algebra topologially of nite type,
i.e. a quotient of a restrited formal series algebra R{T1, . . . , Tm}. If Y and X
are R-formal shemes, we denote by HomR(Y ,X ) the set of morphisms of formal
R-shemes Y → X , i.e. morphisms between the underlying loally topologially
ringed spaes over R (f.  10 of [13℄). It follows from Proposition 10.6.9 of [13℄,
that the anonial morphism HomR(Y ,X )→ lim←−HomRn(Yn,Xn) is a bijetion.
If k is a eld, by a variety over k we mean a separated redued sheme of nite type
over k.
2.2. Extensions.  Let A be a k-algebra. We set L(A) = A when R is a ring
of equal harateristi and L(A) = W (A), the ring of Witt vetors, when R is a
ring of unequal harateristi and we denote by RA the ring RA := R ⊗L(k) L(A).
When F is a eld ontaining k, we denote by KF the eld of frations of RF . When
the eld F is perfet, the ring RF is a disrete valuation ring and, furthermore, the
uniformizing parameter ̟ in R indues an uniformizing parameter in RF . Hene,
sine k is assumed to be perfet, the extension R→ RF has ramiation index 1 in
the terminology of  3.6 of [5℄.
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2.3. The Greenberg Funtor.  We shall reall some material from [14℄ and
 9.6 of [5℄. Let us remark, that, when R is a ring of equal harateristi, we an
view Rn as the set of k-valued points of some ane spae A
m
k whih we shall denote
by Rn, in a way ompatible with the k-algebra struture. When R is a ring of
unequal harateristi, Rn an no longer be viewed as a k-algebra. However, using
Witt vetors, we may still interpret Rn as the set of k-valued points of a ring sheme
Rn, whih, as a k-sheme, is isomorphi to some ane spae Amk . Remark we have
anonial morphisms Rn+1 →Rn.
Now, for every n ≥ 0, we onsider the funtor h∗n whih to a k-sheme T assoiates
the loally ringed spae h∗n(T ) whih has T as underlying topologial spae and
Homk(T,Rn) as struture sheaf. In partiular, for any k-algebra A,
h∗n(A) = Spec(Rn ⊗L(k) L(A)).
Taking A = k, we see that h∗nT is a loally ringed spae over SpecRn.
By a fundamental result of Greenberg [14℄ (whih in the equal harateristi ase
amounts to Weil restrition of salars), for Rn-shemes Xn, loally of nite type, the
funtor
T 7−→ HomRn(h
∗
n(T ), Xn)
from the ategory of k-shemes to the ategory of sets is represented by a k-sheme
Grn(Xn) whih is loally of nite type. Hene, for any k-algebra A,
Grn(Xn)(A) = Xn(Rn ⊗L(k) L(A)),
and, in partiular, setting A = k, we have
Grn(Xn)(k) = Xn(Rn).
Among basi properties the Greenberg funtor respets losed immersions, open
imersions, bred produts, smooth and étale morphisms and also sends anes to
anes.
Now let us onsider again a formal R-sheme X . The anonial adjuntion mor-
phism h∗n+1(Grn+1(Xn+1)) → Xn+1 gives rise, by tensoring with Rn, to a anonial
morphism of of Rn-shemes h
∗
n(Grn+1(Xn+1))→ Xn, from whih one derives, again
by adjuntion, a anonial morphism of k-shemes
θn : Grn+1(Xn+1) −→ Grn(Xn).
In this way we attah to the formal sheme X a projetive system (Grn(Xn))n∈N of
k-shemes. The transition morphisms θn being ane, the projetive limit
Gr(X ) := lim←−Grn(Xn)
exists in the ategory of k-shemes.
Let T be a k-sheme. We denote by h∗(T ) the loally ringed spae whih has
T as underlying topologial spae and lim←−Homk(T,Rn) as struture sheaf. It is a
loally ringed spae over Spf R whih identies with the projetive limit of the spaes
h∗n(T ) in the ategory of loally ringed spaes. Furthermore one heks, similarly
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as in Proposition 10.6.9 of [13℄, that the anonial morphism HomR(h
∗(T ),X ) →
lim←−HomRn(h
∗
n(T ),Xn) is a bijetion for every formal R-sheme X .
Putting everything together we get the following:
2.3.1. Proposition.  Let X be a quasi-ompat, loally topologially of nite
type formal R-sheme. The funtor
T 7−→ HomR(h
∗(T ),X )
from the ategory of k-shemes to the ategory of sets is represented by the k-sheme
Gr(X ).
In partiular, for every eld F ontaining k, there are anonial bijetions
Gr(X )(F ) ≃ HomR(Spf RF ,X ) ≃ X (RF ).
One should note that, in general, Gr(X ) is not of nite type, even if X is a quasi-
ompat, topologially of nite type formal R-sheme.
In this paper, we shall always onsider the shemes Grn(Xn) and Gr(X ) with their
redued struture.
Sometimes, by abuse of notation, we shall write Grn(X ) for Grn(Xn).
2.3.2. Proposition. 
(1) The funtor Gr respets open and losed immersions, bre produts, and sends
ane formal R-shemes to ane k-shemes.
(2) Let X be a formal quasi-ompat and separated R-sheme and let (Oi)i∈J be a
nite overing by formal open subshemes. There are anonial isomorphisms
Gr(Oi∩Oj) ≃ Gr(Oi)∩Gr(Oj) and the sheme Gr(X ) is anonially isomorphi
to the sheme obtained by glueing the shemes Gr(Oi).
Proof.  Assertion (1) for the funtor Grn is proved in [14℄ and [5℄, and follows
for Gr by taking projetive limits. Assertion (2) follows from (1) and the universal
property dening Gr.
2.3.3. Remark.  Assume we are in the equal harateristi ase, i.e. R =
k[[̟]]. For X an algebrai variety over k, we an onsider the formal R-sheme
X⊗̂R obtained by base hange and ompletion. We have anonial isomorphisms
Gr(X⊗̂R) ≃ L(X) and Grn(X ⊗Rn) ≃ Ln(X), where L(X) and Ln(X) are the ar
spaes onsidered in [10℄.
2.4. Smoothness.  Let us reall the denition of smoothness for morphisms of
formal R-shemes. A morphism f : X → Y of formal R-shemes is smooth at a
point x of X0 of relative dimension d if it is at at x and the indued morphism
f0 : X0 → Y0 is smooth at x of relative dimension d. An equivalent ondition (f.
Lemma 1.2 of [7℄) is that for every n in N the indued morphism fn : Xn → Yn
is smooth at x of relative dimension d. The morphism f is smooth if it is smooth
at every point of X0. The formal R-sheme X is smooth at a point x of X0 if the
strutural morphism is smooth at x.
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Let X be a at formal R-sheme of relative dimension d. We denote by Xsing
the losed formal subsheme of X dened by the radial of the Fitting ideal sheaf
FittdΩX/R. The formal R-sheme X is smooth at a point x of X0 (resp. is smooth)
if and only if x is not in Xsing (resp. Xsing is empty).
2.5. Greenberg's Theorem.  The following statement, whih is an adaptation
of a result of Shappaher [23℄, is an analogue of Greenberg's Theorem [15℄ in the
framework of formal shemes. We refer to [24℄ for a more detailled exposition.
2.5.1. Theorem.  Let R be a omplete disrete valuation ring and let X be a
formal R-sheme. For every n ≥ 0, there exists an integer γX (n) ≥ n suh that,
for every eld F ontaining k, and every x in X (RF/̟γX (n)+1), the image of x in
X (RF/̟n+1) may be lifted to a point in X (RF ).
2.5.2. Remark.  The funtion n 7→ γX (n) is alled the Greenberg funtion of
X .
2.6. Rigid spaes.  For X a at formal R-sheme we shall denote by XK its
generi bre in the sense of Raynaud [22℄. By Raynaud's Theorem [22℄, [6℄, the
funtor X 7→ XK indues an equivalene between the loalization of the ategory of
quasi-ompat at formal R-shemes by admissible formal blowing-ups, and the at-
egory of rigid K-spaes whih are quasi-ompat and quasi-separated. Furthemore,
X is separated if and only if XK is separated (f. Proposition 4.7 of [6℄). Reall
that for the blowing-up of an ideal sheaf I to be admissible means that I ontains
some power of the uniformizing parameter ̟. In the paper all rigid K-spaes will
be assumed to be quasi-ompat and separated.
2.7. Weak Néron models.  We shall denote by Rsh a strit henselization of
R and by Ksh its eld of frations.
2.7.1. Denition.  Let X be a smooth rigid K-variety. A weak formal Néron
model
(3)
of X is a smooth formal R-sheme U , whose generi bre UK is an open
rigid subspae of XK , and whih has the property that the anonial map U(Rsh)→
X(Ksh) is bijetive.
The onstrution of weak Néron models using Néron's smoothening proess pre-
sented in [5℄, arries over almost literally from R-shemes to formal R-shemes, and
gives, as explained in [9℄, the following result:
2.7.2. Theorem.  Let X be a quasi-ompat formal R-sheme, whose generi
bre XK is smooth. Then there exists a morphism of formal R-shemes X ′ → X ,
whih is the omposition of a sequene of formal blowing-ups with enters in the
orresponding speial bres, suh that every Rsh-valued point of X fators through
the smooth lous of X ′.
(3)
We follow here the terminology of [9℄ whih is somewhat dierent from that of [5℄.
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One dedues the following omnibus statement:
2.7.3. Proposition.  Let X be a smooth quasi-ompat and separated rigid K-
spae and let X be a formal R-model of X, i.e a quasi-ompat formal R-sheme
X with generi bre X. Then there exists a weak formal Néron model U of X
whih dominates X and whih is quasi-ompat. Furthermore the anonial map
U(Rsh) → X (Rsh) is a bijetion and for every perfet eld F ontaining k, the
formal RF -sheme U ⊗RRF is a weak Néron model of the rigid KF -spae X⊗KKF .
In partiular, the morphism U → X indues a bijetion between points of Gr(U) and
Gr(X ).
Proof.  We hoose a formal model X of X suh that we are in the situation of
Theorem 2.7.2. The smooth lous U of X ′ is quasi-ompat and is a weak Néron
model of XK , sine, by [9℄ 2.2 (ii), every Ksh-valued point of XK extends uniquely
to a Rsh-valued point of X . Also, it follows from Corollary 6 of  3.6 [5℄ that, if U
is a weak Néron model of the rigid K-spae X , then for every eld F ontaining
k, the formal RF -sheme U ⊗R RF is a weak Néron model of the rigid KF -spae
X ⊗K KF .
3. Motivi integration on formal shemes
The material in this setion is borrowed from [24℄ to whih we shall refer for details.
3.1. Trunation.  For X a formal R-sheme, we shall denote by πn,X or πn the
anonial projetion Gr(X )→ Grn(Xn), for n in N.
Let us rst state the following orollary of Theorem 2.5.1:
3.1.1. Proposition.  Let X be a formal R-sheme. The image πn(Gr(X )) of
Gr(X ) in Grn(Xn) is a onstrutible subset of Grn(Xn). More generally, if C is a
onstrutible subset of Grm(Xm), πn(π
−1
m (C)) is a onstrutible subset of Grn(Xn),
for every n ≥ 0.
Proof.  Indeed, it follows from Theorem 2.5.1 that πn(Gr(X )) is equal to the
image of Grγ(n)(Xγ(n)) in Grn(Xn). The morphism Grγ(n)(Xγ(n)) → Grn(Xn) being
of nite type, rst the statement follows from Chevalley's Theorem. For the seond
statement, one may assume m = n, and the proof proeeds as before.
3.1.2. Proposition.  Let X be a smooth formal separated R-sheme (quasi-
ompat, loally topologially of nite type over R), of relative dimension d.
(1) For every n, the morphism πn : Gr(X )→ Grn(Xn) is surjetive.
(2) For every n and m in N, the anonial projetion Grn+m(Xn+m) → Grn(Xn)
is a loally trivial bration for the Zariski topology with bre Admk .
We say that a map π : A → B is a pieewise morphism if there exists a nite
partition of the domain of π into loally losed subvarieties of X suh that the
restrition of π to any of these subvarieties is a morphism of shemes.
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3.2. Away from the singular lous.  Let X be a formal R-sheme and on-
sider its singular lous Xsing dened in 2.4. For any integer e ≥ 0, we view Gre(Xsing,e)
as ontained in Gre(X ) and we set
Gr(e)(X ) := Gr(X ) \ π−1e (Gre(Xsing,e)).
We say that a map π : A→ B between k-onstrutible sets A and B is a pieewise
trivial bration with bre F , if there exists a nite partition of B in subsets S whih
are loally losed in Y suh that π−1(S) is loally losed in X and isomorphi, as
a variety over k, to S × F , with π orresponding under the isomorphism to the
projetion S × F → S. We say that the map π is a pieewise trivial bration over
some onstrutible subset C of B, if the restrition of π to π−1(C) is a pieewise
trivial bration onto C.
3.2.1. Proposition.  Let X a at formal R-sheme of relative dimension d.
There exists an integer c ≥ 1 suh that, for every integers e and n in N suh that
n ≥ ce, the projetion
πn+1(Gr(X )) −→ πn(Gr(X ))
is a pieewise trivial bration over πn(Gr
(e)(X )) with bre Adk.
3.3. Dimension estimates. 
3.3.1. Lemma.  Let X be a formal R-sheme whose generi bre XK is of
dimension ≤ d. Then
(1) For every n in N,
dim πn(Gr(X )) ≤ (n + 1)d.
(2) For m ≥ n, the bres of the projetion πm(Gr(X ))→ πn(Gr(X )) are of dimen-
sion ≤ (m− n)d.
3.3.2. Lemma.  Let X be a formal R-sheme whose generi bre XK is of
dimension d. Let S be a losed formal R-subsheme of X suh that SK is of di-
mension < d. Then, for all integers n, i and ℓ suh that n ≥ i ≥ γS(ℓ), where γS
is the Greenberg funtion of S dened in 2.5.2, πn,X (π
−1
i,XGri(S)) is of dimension
≤ (n + 1)d− ℓ− 1.
3.4. Grothendiek rings.  Let k be a eld. We denote byK0(Vark) the abelian
group generated by symbols [S], for S a variety over k, with the relations [S] = [S ′] if
S and S ′ are isomorphi and [S] = [S ′]+[S\S ′] if S ′ is losed in S. There is a natural
ring struture on K0(Vark), the produt being indued by the artesian produt of
varieties, and to any onstrutible set S in some variety one naturally assoiates
a lass [S] in K0(Vark). We denote by K0(Vark)loc the loalisation K0(Vark)loc :=
K0(Vark)[L
−1] with L := [A1k]. We denote by F
mK0(Vark)loc the subgroup generated
by [S]L−i with dimS − i ≤ −m, and by ̂K0(Vark) the ompletion of K0(Vark)loc
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with respet to the ltration F ·(4). We will also denote by F · the ltration indued
on
̂K0(Vark). We denote by K0(Vark)loc the image of K0(Vark)loc in
̂K0(Vark). We
put on the ring
̂K0(Vark) a struture of non-arhimedean ring by setting ||a|| := 2−n,
where n is the largest n suh that a ∈ F n ̂K0(Vark), for a 6= 0 and ||0|| = 0.
3.5. Cylinders.  Let X be a formal R-sheme. A subset A of Gr(X ) is ylin-
drial of level n ≥ 0 if A = π−1n (C) with C a onstrutible subset of Grn(X ). We
denote by CX the set of ylindrial subsets of Gr(X ) of some level. Let us remark
that CX is a boolean algebra, i.e. ontains Gr(X ), ∅, and is stable by nite inter-
setion, nite union, and by taking omplements. It follows from Proposition 3.1.1,
that if A is ylindrial of some level, then πn(A) is onstrutible for every n ≥ 0.
A basi niteness property of ylinders is the following:
3.5.1. Lemma.  Let Ai, i ∈ I, be an enumerable family of ylindrial subsets
of Gr(X ). If A := ∪i∈IAi is also a ylinder, then there exists a nite subset J of I
suh that A := ∪i∈JAi.
Proof.  Sine Gr(X ) is quasi-ompat, this follows from Théorème 7.2.5 of [13℄.
3.6. Motivi measure for ylinders.  Let X a at formalR-sheme of relative
dimension d. Let A be a ylinder of Gr(X ). We shall say A is stable of level n if it
is ylindrial of level n and if, for every m ≥ n, the morphism
πm+1(Gr(X )) −→ πm(Gr(X ))
is a pieewise trivial bration over πn(A) with bre A
d
k. We denote by C0,X the set
of stable ylindrial subsets of Gr(X ) of some level.
It follows from Proposition 3.1.2 that every ylinder in Gr(X ) is stable when X
is smooth. When X is no longer assumed to be smooth, C0,X is in general not a
boolean algebra, but is an ideal of CX : C0,X ontains ∅, is stable by nite union,
and the intersetion of an element in CX with an element of C0,X belongs to C0,X .
In general Gr(X ) is not stable, but it follows from Proposition 3.2.1 that Gr(e)(X )
is a stable ylinder of Gr(X ), for every e ≥ 0.
From rst priniples, one proves (f. [10℄, [24℄):
3.6.1. Proposition-Denition.  There is a unique additive morphism
µ˜ : C0,X −→ K0(Vark)loc
suh that µ˜(A) = [πn(A)]L
−(n+1)d
, when A is a stable ylinder of level n. Further-
more the measure µ˜ is σ-additive.
One dedues from Proposition 3.3.1 and Proposition 3.3.2, f. [10℄, [24℄, the follow-
ing:
(4)
It is still unknown whether the ltration F · is separated or not.
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3.6.2. Proposition. 
(1) For any ylinder A in CX , the limit
µ(A) := lim
e→∞
µ˜(A ∩Gr(e)(X ))
exists in
̂K0(Vark).
(2) If A belongs to C0,X , then µ(A) oinide with the image of µ˜(A) in ̂K0(Vark).
(3) The measure A 7→ µ(A) is σ-additive.
(4) For A and B in CX , ||µ(A ∪ B)|| ≤ max(||µ(A)||, ||µ(B)||). If A ⊂ B,
||µ(A)|| ≤ ||µ(B)||.
3.7. Measurable subsets of Gr(X ).  For A and B subsets of the same set, we
use the notation A△B for A ∪ B \ A ∩ B.
3.7.1. Denition.  We say that a subset A of Gr(X ) is measurable if, for every
positive real number ε, there exists an ε-ylindrial approximation, i.e. a sequene
of ylindrial subsets Ai(ε), i ∈ N, suh that(
A△A0(ε)
)
⊂
⋃
i≥1
Ai(ε),
and ||µ(Ai(ε))|| ≤ ε for all i ≥ 1. We say that A is strongly measurable if moreover
we an take A0(ε) ⊂ A.
3.7.2. Theorem.  If A is a measurable subset of Gr(X ), then
µ(A) := lim
ε→0
µ(A0(ε))
exists in
̂K0(Vark) and is independent of the hoie of the sequenes Ai(ε), i ∈ N.
For A a measurable subset of Gr(X ), we shall all µ(A) the motivi measure of A.
We denote by DX the set of measurable subsets of Gr(X ).
One should remark that obviously CX is ontained in DX .
3.7.3. Proposition. 
(1) DX is a boolean algebra.
(2) If Ai, i ∈ N, is a sequene of measurable subsets of Gr(X ) with limi→∞ ||µ(Ai)|| =
0, then ∪i∈NAi is measurable.
(3) Let Ai, i ∈ N, be a family of measurable subsets of Gr(X ). Assume the sets Ai
are mutually disjoint and that A := ∪i∈NAi is measurable. Then
∑
i∈N µ(Ai)
onverges in
̂K0(Vark) to µ(A).
(4) If A and B are measurable subsets of Gr(X ) and if A ⊂ B, then ||µ(A)|| ≤
||µ(B)||.
3.7.4. Remark.  In the situation of Remark 2.3.3, one an hek that the notion
of ylinders, stable ylinders, measurable subsets of Gr(X⊗̂R) oinides with the
analogous notions introdued in [11℄ for subsets of L(X).
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3.8. Order of the Jaobian ideal.  Let h : Y → X be a morphism of at
formal R-shemes of relative dimension d.
Let y be a point of Gr(Y) \ Gr(Ysing) dened over some eld extension F of k. We
denote by ϕ : Spf RF → Y the orresponding morphism of formal R-shemes. We
dene ord̟(Jach)(y), the order of the Jaobian ideal of h at y, as follows.
From the natural morphism h∗ΩX|R → ΩY|R, one dedues, by taking the d-th exterior
power, a morphism h∗ΩdX|R → Ω
d
Y|R, hene a morphism
(ϕ∗h∗ΩdX|R)/(torsion) −→ (ϕ
∗ΩdY|R)/(torsion).
Sine L := (ϕ∗ΩdY|R)/(torsion) is a free ORF -module of rank 1, it follows from the
struture theorem for nite type modules over prinipal domains, that the image of
M := (ϕ∗h∗ΩdX|R)/(torsion) in L is either 0, in whih ase we set ord̟(Jach)(y) =∞,
or ̟nL, for some n ∈ N, in whih ase we set ord̟(Jach)(y) = n.
3.9. The hange of variable formula.  If h : Y → X is a morphism of formal
R-shemes, we still write h for the orresponding morphism Gr(Y)→ Gr(X ).
The following lemmas are basi geometri ingredients in the proof of the hange of
variable formula 3.9.3 and 3.9.4.
3.9.1. Lemma.  Let h : Y → X be a morphism between at formal R-shemes
of relative dimension d. We assume Y is smooth. For e and e′ in N we set
∆e,e′ :=
{
ϕ ∈ Gr(Y)
∣∣∣ ord̟(Jach)(y) = e and h(ϕ) ∈ Gr(e′)(X )}.
Then, there exists c in N suh that, for every n ≥ 2e, n ≥ e + ce′, for every ϕ in
∆e,e′ and every x in Gr(X ) suh that πn(h(ϕ)) = πn(x), there exists y in Gr(Y) suh
that h(y) = x and πn−e(ϕ) = πn−e(y).
3.9.2. Lemma.  Let h : Y → X be a morphism between at formal R-shemes
of relative dimension d. We assume Y is smooth. Let B be a ylinder in Gr(Y) and
set A = h(B). Assume ord̟(Jach) is onstant with value e < ∞ on B and that
A ⊂ Gr(e
′)(X ) for some e′ ≥ 0. Then A is a ylinder. Furthermore, if the restrition
of h to B is injetive, then for n≫ 0, the following holds:
(1) If ϕ and ϕ′ belong to B and πn(h(ϕ)) = πn(h(ϕ
′)), then πn−e(ϕ) = πn−e(ϕ
′).
(2) The morphism πn(B)→ πn(A) indued by h is a pieewise trivial bration with
bre Aek.
For a measurable subset A of Gr(X ) and a funtion α : A → Z ∪ {∞}, we say
that L−α is integrable or that α is exponentially integrable if the bres of α are
measurable and if the motivi integral∫
A
L−αdµ :=
∑
n∈Z
µ(A ∩ α−1(n))L−n
onverges in
̂K0(Vark).
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When all the bres A∩α−1(n) are stable ylinders and α takes only a nite number
of values on A, it is not neessary to go to the ompletion of K0(Vark)loc and one
may dene diretly ∫
A
L−αdµ˜ :=
∑
n∈Z
µ˜(A ∩ α−1(n))L−n
in K0(Vark)loc.
3.9.3. Theorem.  Let h : Y → X be a morphism between at formal R-shemes
of relative dimension d. We assume Y is smooth. Let B be a strongly measurable
subset of Gr(Y). Assume h indues a bijetion between B and A := h(B). Then, for
every exponentially integrable funtion α : A→ Z∪∞, the funtion α◦h+ord̟(Jach)
is exponentially integrable on B and∫
A
L−αdµ =
∫
B
L−α◦h−ord̟(Jach)dµ.
We shall also need the following variant of Theorem 3.9.3.
3.9.4. Theorem.  Let h : Y → X be a morphism between at formal R-shemes
of relative dimension d. We assume Y and XK are smooth and that the morphism
hK : YK → XK indued by h is étale (f. [8℄). Let B be a ylinder in Gr(Y). Assume
h indues a bijetion between B and A := h(B) and that A is a stable ylinder of
Gr(X ). Then the bres B ∩ ord̟(Jach)−1(n) are stable ylinders, ord̟(Jach)−1(n)
takes only a nite number of values on B, and∫
A
dµ˜ =
∫
B
L−ord̟(Jach)dµ˜
in K0(Vark)loc.
4. Integration on smooth rigid varieties
4.1. Order of dierential forms.  Let X be a at formal R-sheme equidi-
mensional of relative dimension d. Consider a dierential form ω in ΩdX|R(X ). Let
x be a point of Gr(X ) \ Gr(Xsing) dened over some eld extension F of k. We
denote by ϕ : Spf RF → X the orresponding morphism of formal R-shemes. Sine
L := (ϕ∗ΩdX|R)/(torsion) is a free ORF -module of rank 1, it follows from the stru-
ture theorem for nite type modules over prinipal domains, that its submodule M
generated by ϕ∗ω is either 0, in whih ase we set ord̟(ω)(x) = ∞, or ̟nL, for
some n ∈ N, in whih ase we set ord̟(ω)(x) = n.
Sine there is a anonial isomorphism ΩdXK (XK) ≃ Ω
d
X|R(X )⊗R K (f. Proposition
1.5 of [8℄), if ω is in ΩdXK (XK), we write ω = ̟
−nω˜, with ω˜ in ΩdX|R(X ) and n ∈ N,
we set ord̟,X (ω) := ord̟(ω˜) − n. Clearly this denition does not depend on the
hoie of ω˜.
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4.1.1. Lemma.  Let h : Y → X be a morphism between at formal R-shemes
equidimensional of relative dimension d. Let ω be in ΩdX|R(X ) (resp. in Ω
d
XK
(XK)).
Let y be a point in Gr(Y) \Gr(Ysing) and assume h(y) belongs to Gr(X ) \Gr(Xsing).
Then
ord̟(h
∗ω)(y) = ord̟(ω)(h(y)) + ord̟(Jach)(y),
resp.
ord̟,Y(h
∗
Kω)(y) = ord̟,X (ω)(h(y)) + ord̟(Jach)(y).
Proof.  Follows diretly from the denitions.
4.1.2. Theorem-Denition.  Let X be a smooth rigid variety over K, purely
of dimension d. Let ω be a dierential form in ΩdX(X).
(1) Let X be a formal R-model of X . Then the funtion ord̟,X (ω) is exponentially
integrable on Gr(X ) and the integral
∫
Gr(X )
L−ord̟,X (ω)dµ in ̂K0(Vark) does not
depend on the model X . We denote it by
∫
X
ωdµ.
(2) Assume furthermore ω is a gauge form, i.e. that it generates ΩdX at every point
of X , and assume some open dense formal subsheme U of X is a weak Néron
model of X . Then the funtion ord̟,X (ω) takes only a nite number of values
and its bres are stable ylinders. Furthermore the integral
∫
Gr(X )
L−ord̟,X (ω)dµ˜
in K0(Vark)loc does not depend on the model X . We denote it by
∫
X
ωdµ˜.
Proof.  Let us prove (2). Write ω = ̟−nω˜, with ω˜ in ΩdX|R(X ) and n ∈ N. Sine
U is smooth, ΩdU|R is loally free of rank 1 and ω˜OU ⊗ (Ω
d
U|R)
−1
is isomorphi to
a prinipal ideal sheaf (f)OU , with f in OU . Furthermore, the funtion ord̟,X (ω˜)
oinides with the funtion ord̟(f) whih to a point ϕ of Gr(U) = Gr(X ) asso-
iates ord̟(f(ϕ)). The bres of ord̟(f) are stable ylinders. Sine ω is a gauge
form, f indues an invertible funtion on X , hene, by the maximum priniple
(f. [4℄), the funtion ord̟(f) takes only a nite number of values. To prove that∫
Gr(X )
L−ord̟,X (ω)dµ˜ in K0(Vark)loc does not depend on the model X , it is enough
to onsider the ase of another model X ′ obtained from X by an admissible formal
blow-up h : X ′ → X . We may also assume X ′ ontains as an open dense formal
subsheme a weak Néron model U ′ of X . The equality∫
Gr(X ′)
L−ord̟,X′(ω)dµ˜ =
∫
Gr(X )
L−ord̟,X (ω)dµ˜
then follows from Lemma 4.1.1 and Theorem 3.9.4. Statement (1) follows similarly
from Lemma 4.1.1 and Theorem 3.9.3.
4.1.3. Remark.  A situation where gauge forms naturally our is that of re-
dutive groups. Let G be a onneted redutive group over k. B. Gross onstruts in
[16℄, using Bruhat-Tits theory, a dierential form of top degree ωG on G whih is de-
ned up to multipliation by a unit in R. One may easily hek that the dierential
form ωG indues a gauge form on the rigid K-group G
rig := (G⊗̂R)K .
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4.1.4. Lemma.  Let X be a smooth rigid variety over K, purely of dimension
d, and let ω be a gauge form on X. Let O = (Oi)i∈J be a nite admissible overing
and set OI := ∩i∈IOi for I ⊂ J . Then∫
X
ωdµ˜ =
∑
∅6=I⊂J
(−1)|I|−1
∫
OI
ω|OIdµ˜.
If ω is only assumed to be a dierential form in ΩdX(X), then∫
X
ωdµ =
∑
∅6=I⊂J
(−1)|I|−1
∫
OI
ω|OIdµ.
Proof.  Let us prove the rst statement, the proof of the seond one being similar.
It is enough to onsider the ase |J | = 2. Choose an R-model X ontaining a weak
Néron model U of X as an open dense formal subsheme and suh that the overing
X = O1 ∪ O2 is indued from a overing X = O1 ∪O2 by open formal subshemes.
It is suient to prove that∫
Gr(X )
L−ord̟,X (ω)dµ˜ =
∫
Gr(O1)
L−ord̟,O1(ω|O1 )dµ˜+
∫
Gr(O2)
L−ord̟,O2(ω|O2 )dµ˜
−
∫
Gr(O1∩O2)
L−ord̟,O1∩O2 (ω|O1∩O2)dµ˜,
whih follows from the fat that for every open formal subsheme O of X the funtion
ord̟,X (ω) restrits to ord̟,O(ω|OK) on Gr(O) and the equalities Gr(X ) = Gr(O1)∪
Gr(O2) and Gr(O1)∩Gr(O2) = Gr(O1∩O2) whih follow from Proposition 2.3.2.
4.1.5. Proposition.  Let X and X ′ be smooth rigid K-varieties purely of di-
mension d and d′ and let ω and ω′ be gauge forms on X and X ′. Then∫
X×X′
ω × ω′dµ˜ =
∫
X
ωdµ˜×
∫
X′
ω′dµ˜.
If ω and ω′ are only assumed to be dierential forms in ΩdX(X), then∫
X×X′
ω × ω′dµ =
∫
X
ωdµ×
∫
X′
ω′dµ.
Proof.  Let us prove the rst assertion, the proof of the seond one being similar.
Choose R-models X and X ′ ofX andX ′ respetively ontaining a weak Néron model
U of X and U ′ of X ′ as an open dense formal subsheme. Also write ω = ̟−nω˜ and
ω′ = ̟−n
′
ω˜′, with ω˜ and ω˜′ in ΩdX|R(X ) and Ω
d′
X ′|R(X
′), respetively. It enough to
hek that µ˜(ord̟,X×X ′(ω˜ × ω˜′) = m) is equal to
∑
m′+m′′=m µ˜(ord̟,X (ω˜) = m
′) ×
µ˜(ord̟,X ′(ω˜
′) = m′′), whih follows the fat that on Gr(X×X ′) ≃ Gr(X )×Gr(X ′) =
Gr(U) × Gr(U ′), the funtions ord̟,X×X ′(ω˜ × ω˜′) and ord̟,X (ω˜) + ord̟,X ′(ω˜′) are
equal.
MOTIVIC INTEGRATION ON SMOOTH RIGID VARIETIES 15
4.2. Invariants for gauged smooth rigid varieties.  Let d be an integer
≥ 0. We dene K0(GSRig
d
K), the Grothendiek group of gauged smooth rigid K-
varieties of dimension d, as follows: as an abelian group it is the quotient of the free
abelian group over symbols [X,ω], with X a smooth rigid K-variety of dimension d
and ω a gauge form on X by the relations
[X ′, ω′] = [X,ω]
if there is an isomorphism h : X ′ → X with h∗ω = ω′, and
[X,ω] =
∑
∅6=I⊂J
(−1)|I|−1[OI , ω|OI ],
when (Oi)i∈J is a nite admissible overing of X , with the notation OI := ∩i∈IOi
for I ⊂ J . One puts a graded ring struture on K0(GSRigK) := ⊕dK0(GSRig
d
K) by
requiring
[X,ω]× [X ′, ω′] := [X ×X ′, ω × ω′].
Forgetting gauge forms, one denes similarly K0(SRig
d
K), the Grothendiek group
of smooth rigid K-varieties of dimension d, and the graded ring K0(SRigK) :=
⊕dK0(SRig
d
K). There are natural forgetful morphisms
F : K0(GSRig
d
K) −→ K0(SRig
d
K)
and
F : K0(GSRigK) −→ K0(SRigK).
4.2.1. Proposition.  The assignment whih to a gauged smooth rigid K-variety
(X,ω) assoiates
∫
X
ωdµ˜ fatorizes uniquely as a ring morphism
µ˜ : K0(GSRigK)→ K0(Vark)loc.
Proof.  This follows from Lemma 4.1.4 and Proposition 4.1.5.
4.3. A formula for
∫
X
ωdµ˜.  Let X be a smooth rigid variety over K of pure
dimension d. Let U be a weak Néron model of X ontained in some model X of X
and let ω be a form in ΩdX|R(X ) induing a gauge form on X . We denote by U
i
0,
i ∈ J , the irreduible omponents of the speial bre of U . By assumption, eah U i0
is smooth and U i0 ∩ U
j
0 = ∅ for i 6= j. We denote by ordU i0(ω) the unique integer n
suh that ̟−nω generates ΩdX|R at the generi point of U
i
0. More generally, if ω is a
gauge form in ΩdXK (XK), we write ω = ̟
−nω˜, with ω˜ in ΩdX|R(X ) and n ∈ N, and
we set ordU i
0
(ω) := ordU i
0
(ω˜)− n.
4.3.1. Proposition.  Let X be a smooth rigid variety over K of pure dimension
d. Let U be a weak Néron model of X ontained in some model X of X and let ω
be a gauge form in ΩdXK (XK). With the above notations, we have∫
X
ωdµ˜ = L−d
∑
i∈J
[U i0]L
−ord
Ui
0
(ω)
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in K0(Vark)loc.
Proof.  Denote by U i0 the irreduible omponent of X with speial bre U
i
0. Sine
Gr(X ) is the disjoint union of the sets Gr(U i0), we may assume X is a smooth
irreduible formal R-sheme of dimension d. Let ω be a setion of ΩdX|R(X ) whih
generates ΩdX|R at the generi point of X and indues a gauge form on the generi
bre. Let us remark that the funtion ord̟,X (ω) is identially equal to 1 on Gr(X ).
Indeed, after shrinking X , we may write ω = fω0 with ω0 a generator ΩdX|R a every
point and f in OX (X ). By hypothesis f is a unit at the generi point of X . Assume
at some point x of Gr(X ), ord̟f(x) ≥ 1 ; it would follow that the lous of f = 0
is non empty in X , whih ontradits the assumption that ω indues a gauge form
on the generi bre. Hene, we get
∫
Gr(X )
L−ord̟,X (ω)d˜µ = L−d[X0], and the result
follows.
4.4. Appliation to Calabi-Yau varieties over K.  Let X be a Calabi-Yau
variety overK. By this we mean a smooth projetive algebrai variety overK of pure
dimension d with ΩdX trivial. We denote by X
an
the rigid K-variety assoiated to X .
Sine X is proper, Xan is anonially isomorphi to the generi bre of the formal
ompletion X⊗̂R. By GAGA (f. [20℄ Theorem 2.8), ΩdXan(X
an) = ΩdX(X) = K.
Now we an assoiate to any Calabi-Yau variety over K a anonial element in the
ring K0(Vark)loc whih oinides with the lass of the speial bre when X has a
model with good redution.
4.4.1. Theorem.  Let X be a Calabi-Yau variety over K, let U be a weak Néron
model of Xan and let ω be a gauge form on Xan. We denote by U i0, i ∈ J , the
irreduible omponents of the speial bre of U and set α(ω) := inf ordU i
0
(ω). Then
the virtual variety
[X ] :=
∑
i∈J
[U i0]L
α(ω)−ord
Ui
0
(ω)
(4.4.1)
in K0(Vark)loc only depends on X. When X has a proper smooth model with good
redution over R, [X ] is equal to the lass of the speial bre.
Proof.  Let ω be a gauge form on Xan. By Proposition 4.3.1, the right hand side
of (4.4.1) is equal to Ld−α(ω)
∫
Xan
ωdµ˜ whih does not depend on ω.
In partiular, we have the following analogue of Batyrev's result on birational pro-
jetive Calabi-Yau manifolds [1℄, [10℄.
4.4.2. Corollary.  Let X be a Calabi-Yau variety over K and let X and X ′ be
two proper and smooth R-models of X with speial bres X0 and X ′0. Then
[X0] = [X
′
0]
in K0(Vark)loc.
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4.4.3. Remark.  Calabi-Yau varieties over k((t)), with k of harateristi zero
have been onsidered in [18℄.
4.5. A motivi Serre invariant for smooth rigid varieties.  We an now
dene the motivi Serre invariant for smooth rigid varieties.
4.5.1. Theorem.  There is a anonial ring morphism
λ : K0(SRigK) −→ K0(Vark)loc/(L− 1)K0(Vark)loc
suh that the diagram
K0(GSRigK)
F

µ˜
// K0(Vark)loc

K0(SRigK)
λ
// K0(Vark)loc/(L− 1)K0(Vark)loc
is ommutative.
Proof.  Sine any smooth rigidK-variety of dimension d admits a nite admissible
overing by anoids (Oi)i∈J , with Ω
d
Oi
trivial, the morphism F is surjetive. Hene
it is enough to show the following statement: let X be a smooth formal R-sheme
of relative dimension d with ΩdX|R trivial, and let ω1 and ω2 be two global setions
of ΩdX|R induing gauge forms on the generi bre XK , then
∫
Gr(X )
(L−ord̟,X (ω1) −
L−ord̟,X (ω2))dµ˜ belongs to (L − 1)K0(Vark)loc. To prove this, we take ω0 a global
setion of ΩdX|R suh that Ω
d
X|R ≃ ω0OX . If ω is any global setion of Ω
d
X|R, write
ω = fω0 with f in OX (X ). By the maximum priniple, the funtion ord̟(f) takes
only a nite number of values on Gr(X ). It follows we may write Gr(X ) as a disjoint
union of the subsets Gr(X )ord̟(f)=n where ord̟(f) takes the value n. These subsets
are stable ylinders and only a nite number of them are non empty. Hene the
equality∫
Gr(X )
(L−ord̟,X (ω) − L−ord̟,X (ω0))dµ˜ =
∑
n
(L−n − 1)µ˜(Gr(X )ord̟(f)=n)
holds in K0(Vark)loc and the statement follows.
4.5.2. Remark.  The ring K0(Vark)loc/(L−1)K0(Vark)loc is muh smaller than
K0(Vark)loc, but still quite large. Let ℓ be a prime number distint from the
harateristi of k. Then the étale ℓ-adi Euler harateristi with ompat sup-
ports X 7→ χc,ℓ(X) :=
∑
(−1)i dimH ic,ét(X,Qℓ) indues a ring morphism χc,ℓ :
K0(Vark)loc/(L−1)K0(Vark)loc → Z. Similarly, assume there is a natural morphism
H : K0(Vark)loc → Z[u, v] whih to the lass of a variety X over k assigns its Hodge
polynomialH(X) for de Rham ohomology with ompat support. Suh a morphism
is known to exist when k is of harateristi zero. Then if one sets H1/2(X)(u) :=
H(X)(u, u−1) one gets a morphism H1/2 : K0(Vark)loc/(L − 1)K0(Vark)loc → Z[u],
sine H(A1k) = uv.
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4.5.3. Theorem.  Let X be a smooth rigid variety over K of pure dimension
d. Let U be a weak Néron model of X and denote by U0 its speial bre. Then
λ([X ]) = [U0]
in K0(Vark)loc/(L− 1)K0(Vark)loc.
In partiular, the lass of [U0] in K0(Vark)loc/(L − 1)K0(Vark)loc does not depend
on the weak Néron model U .
Proof.  By taking an appropriate admissible over, we may assume there exists
a gauge form on X , in whih ase the result follows from Proposition 4.3.1, sine
[U0] =
∑
i∈J [U
i
0]. (In fat, one an also prove Theorem 4.5.1 that way, but we
prefered to give a proof whih is quite parallel to that of Serre in [25℄.)
4.6. Relation with p-adi integrals on ompat loally analyti varieties. 
Let K be a loal eld with residue eld k = Fq. Let us onsider the Grothendiek
group K0(SLocAn
d
K) of ompat loally analyti smooth varieties over K of pure
dimension d, whih is dened similarly as K0(SRig
d
K) replaing smooth rigid vari-
eties by ompat loally analyti smooth varieties and nite admissible overs by
nite overs. Also a nowhere vanishing loally analyti d-form on a smooth ompat
loally analyti variety X of pure dimension d will be alled a gauge form on X ,
and one denes the Grothendiek group K0(GSLocAn
d
K) of gauged ompat loally
analyti smooth varieties over K of pure dimension d similarly as K0(GSRig
d
K).
There are anonial forgetful morphisms F : K0(SRig
d
K) → K0(SLocAn
d
K) and
F : K0(GSRig
d
K) → K0(GSLocAn
d
K) indued from the funtor whih to a rigid va-
riety (resp. gauged variety) assoiates the underlying loally analyti variety (resp.
gauged variety). If (X,ω) is a gauged ompat loally analyti smooth variety, the p-
adi integral
∫
X
|ω| belongs to Z[q−1] (f. [25℄), and by additivity of p-adi integrals
one gets a morphism intp : K0(GSLocAn
d
K)→ Z[q
−1].
On the other hand, there is a anonial morphism N : K0(Vark) → Z whih to
the lass of a k-variety S assigns the number of points of S(Fq), and whih indues
a morphism N : K0(Vark)loc → Z[q
−1]. We shall also denote by N the indued
morphism K0(Vark)loc/(L− 1)K0(Vark)loc → Z[q
−1]/(q − 1)Z[q−1] ≃ Z/(q − 1)Z.
4.6.1. Proposition.  Let K be a loal eld with residue eld k = Fq. Then the
diagram
K0(GSRig
d
K)
F

µ˜
// K0(Vark)loc
N

K0(GSLocAn
d
K)
intp
// Z[q−1]
is ommutative.
Proof.  One redues to showing the following: let X be a smooth formal R-sheme
of dimension d and let f be a funtion in OX (X ) whih indues a non vanishing
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funtion on XK , then
N(
∫
Gr(X )
L−ord̟(f)dµ˜) =
∫
X (R)
q−ord̟(f)dµ˜p,
with dµ˜p the p-adi measure on X (R). It is enough to hek that N(µ˜(ord̟(f) = n))
is equal to the p-adi measure of the set of points x of X (R) with ord̟(f)(x) = n,
whih follows from Lemma 4.6.2.
4.6.2. Lemma.  Let K be a loal eld with residue eld k = Fq. Let X be a
smooth formal R-sheme of dimension d. Let A be a (stable) ylinder in Gr(X ).
Then N(µ˜(A)) is equal to the p-adi volume of A ∩Gr(X )(k).
Proof.  Write A = π−1n (C), with C a onstrutible subset if Grn(X ). By def-
inition µ˜(A) = L−d(n+1)[C]. On the other hand X being smooth, the morphism
A ∩ Gr(X )(k) → C(k) is surjetive and its bres are balls of radius q−d(n+1). It
follows that the p-adi volume of A ∩Gr(X )(k) is equal to |C(k)|q−d(n+1).
Let us now explain the relation with the work of Serre in [25℄. Serre shows in [25℄
that any ompat loally analyti smooth variety over K of pure dimension d is
isomorphi to rBd, with r an integer ≥ 1 and Bd the unit ball of dimension d and
that, futhermore, rBd is isomorphi to r′Bd if and only if r and r′ are ongruent
modulo q− 1. We shall denote by s(X) the lass of r in Z/(q− 1)Z. It follows from
Serre's results that s indues an isomorphism s : K0(SLocAn
d
K)→ Z/(q − 1)Z and
that the diagram
K0(GSLocAn
d
K)

intp
// Z[q−1]

K0(SLocAn
d
K)
s
// Z/(q − 1)Z
is ommutative. The following result then follows from Proposition 4.6.1.
4.6.3. Corollary.  Let K be a loal eld with residue eld k = Fq. Then the
diagram
K0(SRig
d
K)
F

λ
// K0(Vark)loc/(L− 1)K0(Vark)loc
N

K0(SLocAn
d
K)
s
// Z/(q − 1)Z
is ommutative.
20 FRANÇOIS LOESER & JULIEN SEBAG
5. Essential omponents of weak Néron models
5.1. Essential omponents and the Nash problem.  Sine we shall proeed
by analogy with [21℄, let us begin by realling some material from that paper. We
assume in this subsetion that k is of harateristi zero and that R = k[[̟]].
For X an algebrai variety over k, we denote by L(X) its ar spae as dened in
[10℄. In fat, in the present  , we shall use notations and results from [10℄, even
when they happen to be speial ases of ones in this paper. As remarked in 2.3.3,
L(X) = Gr(X⊗̂R) and there are natural morphisms πn : L(X) → Ln(X) with
Ln(X) = Grn(X ⊗ Rn).
By a desingularization of a variety X we mean a proper and birational morphism
h : Y −→ X,
with Y a smooth variety, induing an isomorphism between h−1(X \ Xsing) and
X \Xsing (some authors omit the last ondition).
Let h : Y → X be a desingularization of X and let D be an irreduible omponent
of h−1(Xsing) of odimension 1 in Y . If h
′ : Y ′ → X is another desingularization of
X , the birational map φ : h′−1 ◦ h : Y 99K Y ′ is dened at the generi point ξ of
D, sine h′ is proper, hene we an dene the image of D in Y ′ as the losure of
φ(ξ) in Y ′. One says that D is an essential divisor with respet to X , if, for every
desingularization h′ : Y ′ → X of X the image of D in Y ′ is a divisor and that D is an
essential omponent with respet to X , if, for every desingularization h′ : Y ′ → X
of X the image of D in Y ′ is an irreduible omponent of h′−1(Xsing). In general,
if D is an irreduible omponent of h−1(Xsing), we say D is an essential omponent
with respet to X , if there exists a proper birational morphism p : Y ′ → Y , with Y ′
smooth, and a divisor D′ in Y ′ suh that D′ is an essential omponent with respet
to X and p(D′) = D. It follows from the denitions and Hironaka's Theorem that
essential omponents of dierent resolutions of the same variety X are in natural
bijetion, hene we may denote by τ(X) the number of essential omponents in any
resolution of X .
Let W be a onstrutible subset of an algebrai variety Z. We say that W is
irreduible in Z if the Zariski losure W of W in Z is irreduible.
In general let W = ∪1≤i≤nW ′i be the deomposition of W into irreduible ompo-
nents. Clearly Wi := W
′
i ∩W is non empty, irreduible in Z, and its losure in Z is
equal to W ′i . We all the Wi's the irreduible omponents of W in Z.
Let E be a loally losed subset of h−1(Xsing). We denote by ZE the set of ars
in L(Y ) whose origin lies on E but whih are not ontained in E. In other words
ZE = π
−1
0 (E) \ L(E). Let us remark that if E is smooth and onneted, πn(ZE) is
onstrutible and irreduible in Ln(Y ). Now we set NE := h(ZE). Sine πn(NE) is
the image of πn(ZE) under the morphism Ln(Y )→ Ln(X) indued by h, it follows
that πn(NE) is onstrutible and irreduible in Ln(Y ).
The following result, proved in [21℄, follows easily from the above remarks and
Hironaka's resolution of singularities:
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5.1.1. Proposition (Nash [21℄).  Let X be an algebrai variety over k, a eld
of harateristi zero. Set N (X) := π−10 (Xsing) \ L(Xsing). For every n ≥ 0,
πn(N (X)) is a onstrutible subset of Ln(X). Denote by W 1n , . . .W
r(n)
n the irre-
duible omponents of πn(N (X)). The mapping n 7→ r(n) is nondereasing and
bounded by the number τ(X) of essential omponents ouring in a resolution of X.
Up to renumbering, we may assume that W in+1 maps to W
i
n for n≫ 0. Let us all
the family (W in)n≫0 a Nash family. Nash shows furthermore that for every Nash
family (W in)n≫0 there exists a unique essential omponent E in a given resolution
h : Y → X of X suh that πn(NE) = W in for n≫ 0.
Now, we an formulate the Nash problem:
5.1.2. Problem (Nash [21℄ p.36).  Is there always a orresponding Nash fam-
ily for an essential omponent? In general, how ompletely do the essential ompo-
nents orrespond to Nash families? What is the relation between τ(X) and lim r(n)?
Let W be a onstrutible subset of some variety X . We denote the supremum of
the dimension of the irreduible omponents of the losure of W in Y by dimW .
Let h : Y → X be a proper birational morphism with Y a smooth variety. Let E
be a odimension 1 irreduible omponent of the exeptional lous of h in Y . We
denote by ν(E) − 1 the length of ΩdY /h
∗ΩdX at the generi point of E. Here Ω
d
X
denotes the d-th exterior power of the sheaf Ω1X of dierentials on X .
5.1.3. Proposition.  Let X be a variety of pure dimension d over k, a eld
of harateristi 0. Let h : Y → X be a proper birational morphism with Y a
smooth variety and let U be a non empty open subset of a odimension 1 irreduible
omponent E of the exeptional lous of h in Y . Then
dim πn(NU) = (n + 1) d− ν(E)
for n≫ 0.
Proof.  By Theorem 6.1 of [10℄, the image of [πn(NU)]L
−(n+1)d
in
̂K0(Vark) on-
verges to µ(NU) in ̂K0(Vark). Sine dim πn(NU) ≤ (n + 1)d by Lemma 4.3 of [10℄,
one dedues the fat that dim πn(NU)− (n + 1) d has a limit. To onlude we rst
remark that πn(NU) = πn(NE) for any non empty open subset U in E. Hene we
may assume that (h∗ΩdX)/torsion is loally free on a neighborhood of U . It then
follows from Proposition 6.3.2 in [10℄, or rather from its proof, that
µ(NU) = L
−d[U ](L − 1)
∑
ℓ≥1
L−ℓν(E)
in
̂K0(Vark). Hene µ(NU) belongs to F
ν(E)
and not to F ν(E)+1, and the result
follows.
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5.2. Essential omponents of weak Néron models.  We shall return now
to the setting of the present paper. We shall x a at formal R-sheme X of relative
dimension d with smooth generi bre XK . By a weak Néron model of X , we shall
mean a weak Néron model U of XK together with a morphism h : U → X induing
the inlusion UK →֒ XK . As before we shall denote by U
i
0, i ∈ J , the irreduible
omponents of the speial bre of U . Let ξi denote the generi point of U i0. We
shall say U i0 is an essential omponent with respet to X if, for every weak Néron
model U ′ of X , the Zariski losure of π0,U ′(π
−1
0,U(ξ
i)) is an irreduible omponent of
the speial bre of U ′. Note that being an essential omponent is a property relative
to X . By their very denition, essential omponents in dierent weak Néron models
of X are in natural bijetion.
We have the following analogue of Proposition 5.1.1.
5.2.1. Proposition.  Let X be a at formal R-sheme of relative dimension d
with smooth generi bre XK . Denote by W 1n , . . .W
r(n)
n the irreduible omponents
of the onstrutible subset πn(Gr(X )) of Grn(X ). The mapping n 7→ r(n) is non-
dereasing and bounded by the number τ(X ) of essential omponents ouring in a
weak Néron model of X .
Proof.  Clearly the mapping n 7→ r(n) is nondereasing. Let h : U → X be a weak
Néron model of X , with irreduible omponents U i, i ∈ J . Sine U i is smooth and
irreduible, πn,U(Gr(U i)) is also smooth and irreduible, hene the Zariski losure of
h(πn,U(Gr(U
i))) = πn,X (Gr(U
i)) in Grn(X ) is irreduible. Sine Gr(X ) is the union
of the subshemes Gr(U i), it follows that r(n) is bounded by |J |. Now if U i is not an
essential omponent, there exists some weak Néron model of X , h′ : U ′ → X , suh
that, if we denote by W i the image of Gr(U i) in Gr(U ′), πn,U ′(W i) is ontained in
the Zariski losure of πn,U ′(Gr(U
′) \W i). It follows that πn,X (Gr(U
i)) is ontained
in the losure of πn,X (Gr(U) \Gr(U i)). The bound r(n) ≤ τ(X ) follows.
As previously, we may, up to renumbering, assume that W in+1 maps to W
i
n for
n≫ 0. We shall still all the family (W in)n≫0 a Nash family. Let ξ
i
n be the generi
point of W in. By onstrution ξ
i
n+1 maps to ξ
i
n under the trunation morphism
Grn+1(X )→ Grn(X ), hene to the inverse system (ξin)n≫0 orresponds a point ξ
i
of
Gr(X ). Let h : U → X be weak Néron model of X with irreduible omponents U j,
j ∈ J . There is a unique irreduible omponent U j(i) suh that the point ξi belongs
to Gr(U j(i)). Furthermore, h(πn(Gr(U j(i))) = W in for n≫ 0 and it follows from the
proof of Proposition 5.2.1 that U
j(i)
0 is essential.
We have the following analogue of the Nash problem:
5.2.2. Problem.  Is there always a orresponding Nash family for an essential
omponent? In general, how ompletely do the essential omponents orrespond to
Nash families? What is the relation between τ(X ) and lim r(n)?
For E a loally losed subset of the speial bre of U , we set ZE := π
−1
0,U(E)) and
NE := h(ZE). Remark that, for every n, πn(ZE) and πn(NE) are onstrutible
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subsets of Grn(U) and Grn(X ), respetively. Indeed, πn(ZE) is onstrutible sine
U is smooth, hene πn(NE) = h(πn(ZE)) also. We denote by ν(U i0) − 1 the length
of ΩdU|R/h
∗ΩdX|R at the generi point ξ
i
of U i0.
We also have the following analogue of Proposition 5.1.3.
5.2.3. Proposition.  Let X be a at formal R-sheme of relative dimension d
with smooth generi bre XK. Let h : U → X be a weak Néron model of X and let
E be an open dense subset of an irreduible omponent U i0 of the speial bre of U .
Then
dim πn(NE) = (n+ 1) d− ν(U
i
0)
for n≫ 0.
Proof.  Fix an integer e ≥ 0. By Lemma 3.9.2, for n≫ e,
dim πn(NE ∩Gr
(e)X ) = dim πn(h
−1(NE ∩Gr
(e)X ))− ν(U i0)
= (n + 1)d− ν(U i0).
On the other hand, it follows from Lemma 3.3.2 that
dim πn(NE ∩ (X \Gr
(e)X )) < (n+ 1)d− ν(U i0),
when n≫ e≫ ν(U i0).
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